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1 Quantum Statistics

1.1 Quantum Measurement
Physical quantities are represented by a Hermitian operator 0,
whose eigenstates |n) form a complete and orthogonal basis and
whose eigenvalues 0,, are real. The eigenvalue equation 0|n) =
0,|n) is equivalent to 0 = ¥,,|n)0,(n|.
For an object in state |y}, all values 0,, are possibly measured for
an observable O with probabilities p,, = |c,|* = |(n|)|%. The
mean value can be calculated by:
(0) = 51 PnOn = Sulnl)?0, = Tulln)Oninly) = (|0]1p).
The fluctuation (variance) is given by
((40)") = Znpn(0n = (0))°

=2n pnor% - 2(6> YnPnOp + (0>2 YnPn = <02) - (0>2

1.2 Density Operator

INTRODUCTION:

If an object is not prepared in a single state, but may have an
state |,,) with probability p,,, the expectation value on
observable 0 is (0) = ¥, b (V|00 )-

However, one can imagine two different sets {|,,), p,} and
{l®,), gn} which yield the same expectation value for any
operator, e.g. ¥, Pn (¥n|0|¥n) = X qn (#2]|0|¢n), hence they are
equivalent. Things simplify by using

r (0 Do |¢n><wn|> =D W10 ) palibn) i)

= Pl Ol),

m
where Tr(P) := ¥,,({,|P|¢,) with a complete and orthonormal

set {|1,,)} is the trace of the operator P. Now, ensembles
{lvn), pn} and {|@,.), g} are equivalent if and only if

pi= ) Pult)thnl = ) duldndbul

Here, p is called density operator/matrix of an ensemble of
quantum states. Its matrix representation p,,; is given by p, =
(m|p|k), where |n) are the eigenfunctions of . Now, the
expectation value of 0 is

(0) =Tr(0p) = Tr(p0) = Tr (Z Pn|¥n ) (n| 0)

= an<¢m|¢n)<¢n|0|lpm> = an<lpn|0|lpn>

PROPERTIES:

(Here, the abbreviation density operator = DO is used)

1. DO’s are Hermitian operators.

2.Tr(p) = Xn(Wnlplthn) = Zm,n P n |V X [ 1n)

= Y Pnlnltn) = Xnpn = 1.

3.DO’s are positive semi-definite, e.g.

(91p1$) = Znpnl(plihn)I* = 0.

4. p (or pyy) can be diagonlized such that g = Y, p,[n)}n|,
where |n) are p’s eigenstates. Those p,, are of course the
eigenvalues of p,,.

5.If [{p) = |n), itis called a pure state. For a pure state is only one
eigenvalue of p (or p,,x) 1, the others 0. Hence, for a pure
state is Tr(p?) = 1, for a mixed Tr(p?) < 1.

6. The evolution of a DO is given by the Liouville equation

ihd.p = [H, p] (derivation: calculate d,p using product rule
and substitute d,|y,,) = H|y,,)/ih using the Schrédinger eq.).

1.3 Density Operators of Thermal Ensembles

(From here on: p = p)

MICROCANONICAL ENSEMBLE:

In a microcanonical ensemble with fixed energy E and W (E, N)
allowed microscopic quantum states |n), the density operator is

1
p= WZ gk, InX(n|.

If |n) is an eigenstates of p it is
0k g,

pn = (nlpln) = m

The entropy is
S(E,N)=klnW = —kan Inp, = —kZ(nlpln) In(n|p|n)
n n

o kZ(nIp Inp|n) = —k Tr(pInp).
n

(*) used that since |n) are the eigenfunctions of p, it is
(nlf(p)In) = f(pn) = f({nlpIn)), where p,, is the n-th
eigenvalue of p.
For a pure state (meaning p = |Y){(1|), the entropy vanishes:

S = —k@lplY) In{¥|plpp) = —kIn1 = 0.
CANONICAL ENSEMBLE:
In a canonical ensemble, the probability of a state |n) with
energy E, is

pn=e PFin/7.

Hence, the density operator is

1 1
= — —BEn = — -BH
p 7 E e [n){n| Ze .
n

Z guarantees Tr(p) L1 ‘
Z="Tr(e F) = Z e Fbn,
n
The entropy is, using in p = e A" /Z7:
k
S=-kTr(plnp) = _ETF (e'BH(— InZ — ,BH))

InZ
K02 (1)
=Z

1 He PH\ kTInZ U F
=—Tr + =——=
T A T

= gTr(ﬁHe'ﬁH) +

T T
Here,U = ¥, Z 'E, e PFn and F = —kT In Z was used. This is
consistent with F = U —TS.
GRANDCANONICAL ENSEMBLE:
In a grand canonical ensemble, the probability of a state |n) with

energy E, and particle number N, is

Pn = l e_ﬁ(En_NNn)_

Hence, the density operator is

1 1
b= 62 e =P En=itNo) [n) (n| = 52 e =FUH=1) [n)(n|
n n

1
= _e_ﬁ(H_I'W).

!
Here, V' is an operator with \'|n) = N, [n). Again, Tr(p) = 1,
hence is has to be just the grand partition function:

Q = Tr(eFU-1M) = Z o~ BEn—uNy)

n
The entropy is, using in p = e FH=#Y /(:
k
S=—kTr(plnp) = —5Tr (e‘B(H“‘N)(—ﬁ(H —uN) —In Q))

k kln

= 5TF(I3(H — pN)e U0 4 < Tr(e AH-1))
—_

_Ln (H— uN)e PU-WO\  kTInQ U—-uN Q

Here, Q = —kT In Q was used, which yields Q = U — TS — uN.




1.4  About the Von Neumann Entropy
As derived in 1.3, the so-called von Neumann entropy Sy is

Sy = —Tr(pInp).
Neglecting the k-factor, it is identical to the thermodynamic
entropy. Since the |n)-states in 1.3 are in general not the
eigenstates of p the formula § = —k Y,,,(n|p|n) In{n|p|n) is
unhandy. It is more convenient to calculate the entropy in the
following manner, where f(x) = x Inx, M is the diagonalized
matrix to a matrix M and 4,, are the eigenvalues of p:

Sy ==Tr(pInp) = —Tr(f(p)) = =Tr(f(p)) = ~Tr(f(5))

f(44)
2/1 InA,.

=—-Tr
0 f(An) n

1.5 Free Fermions in 3D Space
The Hamiltonian of free fermions in 3D space of volume L2 is

W= h” fife = ZEkfﬂﬂ ZERM

Here, fg and f % are the creation and anmhllatlon operators,

which together make up the operator N;; = fg f7%» which gives

the number of particles in the state k: Nz|n) = n|n). Using the

grand canonical ensemble, the density matrix is, using N =
2Ny
1 b pspeeong _ 1T -pEemny
p=_e—ﬁ(H—[,LN)=ae (E—p =51_[e k=N
k
The partition function is

Q=Tr l_le—ﬁ(Ek—#)NE

_ nTr (e PERONg)

k
HZ e PN 1_[(1 + e BE-w),

k n=0
The expectation occupation of a certain state k0 is:
Tr (NE H% e_‘B(Ek_#)NE)
= - = - = 0
(ng )= (Ng )=Tr (N p) 2
B(Exo—1)Ng, B(Ex—mNy,
_ Trg, (e ok Nko) [Taz, Trz #(e7 TN
- E Ny
Hle‘*(e B(Ex—1) )
B(Eky—1)N7
Z}l():o <n0|e ko™ kONE0|n0>

g ()

The grand potential is (full derivation: Statistical Mechanics
(PHYS4031), Chapter 9.2), using (0 = —pV:

Q=—kTInQ = —kTZ In(1 + e=FE-m)

e -B(E ko -u)

)

° 2
= —ka dE D(E)In(1 + e PE-W) = —§(H) = -
0

Here, the density of states in energy is D(E) = 2VB3/% /\/nA3, VE
and A,y is the de-Broglie wavelength. The particle nuber is
0 D(E 2 3/2 ,o \/E
(N) = f dE E( ) = £ f —_—
0 e BE-1) 4+ 1 V23, Jo e BE-1) 41
In the classical limit is (N)A3, /V « 1, therefore u < 0, [u| > kT:
(e=PE-m 4 1)‘1 ~ e—B(E—u)

~ — dE\/Ee_ﬁ(E_P—)
7 e b

eBu

J- dX\/_BXZAT

th

(N) 2p%?

”th

(N)A3,
& pu=kTIn .

1.6 Free Bosons in 3D Space
As for the fermions in 1.5, the Hamiltonian is

h2k?
Z bibg = Y By,
3

which yields the partltlon function:
1_[ Z ~BEx-mny;

0= HZ(nﬂe—ﬁ(Ek—u)Nﬂn
k n=0 nz=0
1
- U 1 — e BE-w"
k

The expectation occupation of a certain state Eo is with a similar
calculation as for the fermions in 1.5:

© —B(Ekg—H)N3
ZnO:O <no|e ( ko ) kONE0|nO> Z‘?loo:oe

TI’EO (e —ﬁ(Ek—#)NEO )
e —B(Eko —u)

(1_6—3@%—M)2
(1 _ e—B(EkO—#))_l B

The sum is calculated ¥2_,ne’™ = 0t Y=o etn = 65(1 - e‘f)_1
The other calculations work very similar to 1.5.

BBy w0y,

<ni{'0> = Z;’: _Oe—ﬁ(EkO—,U.)no
0=

e P(Exo—H) 1

1— e-ﬁ(Eko—H) - eﬁ(Eko‘#) — 1.

1.7 Quantum Entanglement

REDUCED DENSITY MATRIX:

Consider a system with density matrix p which is composed of
two subsystems A and B with complete orthonormal basis
{Iny), Ing)}. If we measure an obersavble 0, only on the
subsystem 4, this yields

(02) = Tr(p0,) = ) (ma|® (1510, 1) ®m,)

mn

= D | Enlrlplns) Oglma) = Tra(Tra(p)0,).

Obviously, the reduced density matrix p, of a subsystem A is
defined as
pa = Trg(p).
ENTANGLED STATES:
A composed state

Y5> = ) cumlW)®Im)

nm
is separable (unentangled), if there exist coefficients a,, b;,

obeying c,,, = a,b,, yielding
[5) = ) bulm)
m

la) =
n

For Example (using |Tl) := |T)®|!) etc.), the state |Tl) + 2|Id) is
separable, since c;y = 0 = atby; ¢y =1 = a4by; ¢y = 0 = a by
¢ =2 =ayb,yields a; = by = 1; a; = 2; by = 0 But for example
for |y45) = |Tl) — 2]17T) this is not possible and it is entangled.
ENTANGLEMENT ENTROPY:
The entanglement entropy (or simply “entanglement”) is defined
as the information entropy of the reduced density matrix:

E(p) = —Tr(palnp,),  pa=Trg(p).
For a pure state is —=Tr(p4 Inp,) = —Tr(pgp In pg). Proof: p, can
be diagonalized with respect to a basisof Aas p, = X; p; lia){ial-

a,|n) and




2 Cluster Expansion

2.1 Cluster Expansion for Non-Ideal Classical Gases
The cluster expansion method is applicable for short range
interaction particles. To be specific, the potential should decay
faster than =3 or the condition is

lim |A—7#u; =0 u;; = u(f —7).
|ﬁ—?,-|m|l iy =0, y = u(f — 7

The grand partition function for the classical gas is

i eﬁﬂN piz
Q= Z fd3p1 - d3py f d3ry - d3rNe_ﬁ2im‘BZi<juzj
N=0

N! h3N
2 N eBu
= Z mf d3ry - d3ry ne_ﬁ”if, z2= 5
N=0 i<j th

The integration over the momentum was conducted as usual for
the ideal gas. Due to the coupling via u;;, the spatial integration
is non-trivial. Define
e_ﬁ”if =1+ fl]

and the product can be expanded:

He-ﬁuij =1+ Zf” + Zfijfkl + -

i<j
for example

e Fluztuzatua)) = (1 4 f)(1 + fo3)(1 + f31)
=1+ fio + faz + fa1 + fr2foz + fasfar + faifrz + frzfasfan

Now, a cluster is defined as all the terms involving the same
group of variable, for example

f123 = f12f23 +f23f31 +f31f12 +f12f23f31

is called a “cluster”. Defining f; := 1, it is for example for N = 4:

[ [ €79 = RS+ Frafofi + frasfi+ =+ fias

i<j<4
Since the system has translational symmetry (all
particles/interactions are identical), clusters of the same size are
the same, for example

ff123 = ff234 = ff124’

hence it is reasonable to define the coefficient

by = Vil d*ry - d®ny fiz ke
Thereby it is
f dgrl ves dSTN 1_[ e_Buij
i<j
- Z (11Vb,)k1 (21 Vby)kz - (N1 Vhy )W
all possible
partitions

Vklbfl szbgz VkoII\(]N

k!l k! ky!

kg +2ko++Nky=N



3 Van der Waals Gases

3.1 Order of Phase Transition
The energy, free energy, grand potential etc. are always
continuous with varying temperature, volume, etc., but their
differentials may not be. Here, the grand potential Q is
considered as an example, but it can also be applied to the
energy U or the free energies F, G similarly.
For a macroscopic systems V — oo, N = oo it reasonable to
consider the pressure
p=-Q/V,
which is a function of density p (or specific volume v :=V /N =
p~1) and T. A specific physical system is described by its
equation of state p = p(v, T). If now the n-th differential
regardingv or T
a"p(v,T)

da™ '

is discontinuous, the phase transition is called of n-th order.

a=vT,

3.2 No Phase Transitions in Finite Systems

With the sole exception of Bode-Einstein condensation, all phase
transitions are due to interaction between particles. Consider
the two-particle potential

oo r<d
u(r)={>u0 d<r<D.
0 r=D

The grand partition function is

[e%e} No
Q= Z §Zy = Z Ny, §=eft, Zy=Tre M
N=0 N=0

(Zy is just the partition function). But due to u(r), no particles
can be closer than d and hence the number of particles in a finite
volume V can not exceed N, ~ V/d3. The pressure is

N
kT .
p=71nQ>0, because Q=1+Z€ZN>1.
N=1

The pressure is also analytical, hence there are no phase
transitions.

Next, the variation of p(v) is studied. The average number of
particles is (take this from Statistical Mechanics (PHYS4031),
section 8.2):

1dInQ JInQ
(N) = Z——t =
B ou dIné
Using this, it follows for constant V, T
6p_ 0 kT kT 0InQ _kTaanalnf J(N)

v oV "0 T VIt T V2 aIng 3Ny A(N)

KT ((N)\ ' (a(N)Y™\" kT(N)3 et
=W(N)<aln§> <6<N>> = K anyy

V2
_ kT
vz ((AN)?)
Usually is ((AN)) ~ \/(N) and dp/dv ~ — kT /v2. But if
((AN)) ~(N)itis dp/dv = — kT /vV - 0,V — o0 and a phase
transition occurs (but not for finite systems!). Hence, phase
transitions require large fluctuations!

(without approximation).

3.3 Mean Field Derivation of van der Waals equation
For an ideal gas, the free energy is

OF NkT
F=—NkT—NlenN/1§h = P=—my =
Assuming the potential of 3.2, the effective volume is
V* =V -Nb b=14—nd3
) 23 4

because two particle share the volume of 2b. The attractive
interaction will reduce the energy. Assuming a uniform
distribution, hence a constant p = N/V, the potential energy of
the mean-field background is

1 N
Mi==]| &ru@p=-a—, a=—=| d3ru()=0.
2 r2d 14 rzd
Therefore, the total energy (of all particles) is lowered by
—aN?/V.For this approach, the free energy is
V—Nb aN?
NA3, Vv
kT aN? _ kT
vz TV v?2
N, b

F = —NkT — NkT In

_ NkT aN? _
“V-Nb V2V _,
N

_ N,kT aN;  RT d o (ps a (v—b') = RT

" v—=Nsb v:  v—b' 2 pryz|V S
Here, V/N = v/N,, N, being Avogadro’s number, as well as a’ =
aN? and b’ = N,b.
The critical point (dp/dv = 3%p/dv? = 0)is at

_3p _ 8a _a
Ve=20 Te= 7Ry PeT o712

(derivation see Statistical Mechanics (PHYS4031), section 7.3).

aN?

=P

3.4 Critical Phenomena

As in Statistical Mechanics (PHYS4031), section 7.3, the van der
Waals equation can be given as

<p + %) (3v —1) = 8T,
where p = pg1q/Pc and po1q equals the p from section 3.3 (p,v, T
are the relative quantities now). At the critical point,p = v =
T = 1, hence quantities p, w, t are introduced to be small at the
critical point:

p=p-—1, wi=v-—1, t=T-1

If one plugs in p = p — 1 etc. into the van der Waals equation
and does a Taylor expansion, the leading terms will be

p =~ 4t — 6tw — 3/2wi.
For t < 0 the pressure is a symmetric 3-rd-power function.
Solving p — 4t = —6tw —3/2w3 =0 P
forw # 0 yields wZ = —4t and
hence w, = +2+/—¢.
Since w_ corresponds to the liquid
phase and w, to the gas phase,

the difference in density is
4t
1 1 v—y

Pz—Pg=v—l—E= Vv, |

_ Wy —W_ w_ W,
w_+1Dwy +1)
w, —w_

= — xw,—w_=4/t=4/]t| =4/IT -1
wow, 1T |t | |
T, Torqa — T,

_ °1”‘—1|=4 ST el G —TIF, B =1/2.

T, T,

Recall, the T = T,q4/T, is dimensionless and T4 is the actual
temperature in Kelvin. 8 is a critical exponent, which is 1/2
universally for all types of gases.




4 The Ising Model

4.1 Description of the Problem
The Hamiltonian of the Ising model is

H=]) ofof - ﬂBZ o,
(i)

where ] is a coupling constant, B the external magnetic field and
of the z-Pauli matrix of the spin number i. The coupling is called

antiferromagnetic for ] > 0 and

ferromagnetic for | < 0.
The eigenstates of H are |{s;}) = |sy, S5, -,
(spin-up and -down) with eigenvalues

Hi{s:) = (J D 5B Z_si) 5D

In macroscopic numbers, the energy is U({N,}) = J(N,, +
N__—N,.)—uB(N, — N_), where B
Nyy = Xuj) 5si,165j,1v _=2 8s,-1/ etc.
However, the valuation of the partition function
7 =Tr(e ) = z e-BUUsY) — z W ({N,}ePUvs])
{si} {4}

sy), wheres; = +1

is non-trivial at all.

4.2  Solution by Mean Field Approximation
DETERMINATION OF THE EFFECTIVE FIELD:
If there are N spins in total, N, pointing up and N_ down, the

magnetization M and up-/down-probabilities p are
N,—N_ N,—N_ 2N+—N N, 1M
M = , pi = — = —
N NJr +N_ N N 2
If one considers two neighboring spins, the probability for up-
alignment is pZ, for down-alignment p? and for anti-alignment
2p.p_. Hence, in terms of the probabilities, the average/

expected numbers N, are (n = number of nearest neighbours)

nN , nN 5 nN )
— P =5 @ EM)?* N, =nNp,p-=—-(1-M).

N+i =

Using this expression, the energy from 4.1 becomes
JnN
UM) = T((l + M2+ (1—M)?-2(1—M?)—uBNM

= ]nTN M? — uBNM
If u := U/N is the average energy per spin, the effective
magnetic field is given by

1 0u jn
Begs = oM B _IM

So the microscopic interaction between the spins now is taken
as an uniform internal macroscopic field —nJ/M /u, which is also
called a “Bragg-Williams approximation”.
MAGNETIZATION:
The energy only depends on M or N, instead of {N,}. Therefore

the partition function is much simpler

7 = z W(N BUWN4) — Z T pBUWNY,
(N, Je™ N, '(N N

Ny=0

ZN,

Of course, there is an N, for which Zy, is amaximum, which will
dominate Z. To find this maximum, calculate d In Z, /dN, and

with Sterling’s approximation, it is
dInZy,

N, (N =N,)In(N —N,))

9
~ gy, (AU = Ny InN, -

)
= —NB 55~ (u(N,) + kT(p, Inp,. + p_Inp.))
+

(u(N,) —Ts) = -N o
u(N, s) = B N,
where s is the entropy per spin and f = u — Ts the free energy

per spin. Substituting M for N, yields:

=—Nf— =0,
'801\/+

af g (u(M) + kTZ P+ lnp+)

(?M (?M
(]"M BM+kTZ 1+M1 1iM)
oM H "
1+Ml
= JnM — uB+ len M—O

uB—n]M
o M= tann (22
an T

For ferromagnetism (J < 0) and B = 0, this equation becomes

n/

M=t h(TcM> T, = > 0.
i N Tk

As shown graphically in Statistical Mechanics (PHYS4031),
Section 7.4, this has three solutions for T < T,. A Taylor
expansion of the free energy yields (B = 0):

% =—In2 +%<1 —%)MZ +%M4 + 0(M®),
which yields that the extremum at M = 0 is a maximum for T <
T, and a minimum for T > T,.

CRITICAL EXPONENTS:
For B = 0itis,usingt == (T, - T)/T, =1—-T/T,:
ME M@ +0) L aranh M ~ M+ M?
T= 1_—t~ ( t) = artan = §
e ot 1M2 = M~th _2
3 » B=7

Deriving the equation for the magnetization w.r.t. B yields

d uB—nJM T, o d
a / i + =M =—artanhM ~ M’ +

_—_ MM’
dB kT kT T dB
= i~M’(1—E)+MZM’ ~M't + M*M'
kT T
soforT — T, itis M — 0 and hence
U
=Mgeg =77— = ~t77, =1
X lz=0 KTt X Y
AtT = T,, the equation for the magnetization is
uB 1 5
ﬁ+M—artanhM M+3M3 = B~M° 6=
The specific heat capacity is
_ou (nM B) oM
= or T VM TR g

and since for T > T, itisM = 0,at B = 0itiscy = 0andfor T <
T, itis M ~ |t]|*/? and hence (at B = 0)
~ |t|1/2

~ a —
REE [t]*, a=0.




4.3  Exact Solution of the 1D Ising Model
Assuming periodic boundary conditions oy,; = o; yields the

Hamiltonian
N N
— zZ Z z
H —jzai Oiyq —Bszi'
i= i=1

with eigenstates [{s;}) == |5y, S5, ..., Sy) and energies
E({s;) =J XN, i1 —BYN,s;, wheres; = +1asin4.1. The
partition function is, where s; takes on the values +1:

N
Z= z e BED) =

{si} 51,52,
Consider now the product

GG f(sisiv) =

eBBsi g=BIsiSit1,

N
sy i=1 =9(s)) =f(spsiv1)

D G608 f(5hst)
S; '=+1 _9(51 51)
Now, g and f can be defined as matrices with components
g(s;,si) or f (s, s;41) respectively:
-pB -BJ BJ
_(e 0 _ (e e
9= ( 0 eﬁB)' /= (eﬁ] e‘ﬁ]>'

This makes matrix products appear in the partition function:

Z Z 1_[9(51'5 ) (i, Siv1)

$1,52,-4SN s1 52

- > ﬂ(gf)slsm— Z ()M sys = TGN

$1,52,.wSN I=

- Tr ((gl/zgl/zf) ) —Tr ((gl/ngl/Z) )
Note, that Tr(AB) = Tr(BA). Rewriting the matrix product like
gY?f g% = UDU™! defines a diagonal matrix D with the
eigenvalues of g'/2fg'/? on the diagonal positions:
Z =Tr((UDU YY) = Tr(UDNU~Y) = Tr(DNU~U) = AY + AV,
where A, are the eigenvalues of D and g'/2f g*/2. The product is

—_ B_
g2 fgl/? = (e :B] BJ e;:_]ﬁ]>
and the eigenvalues can be calculated as follows:
e BB-BI _ ) ebl |
B eBB-BI _ )

=e 28] — Je Fl(e7PP + efB) + 22 — ¢

e~2BB 4 2 4 2BB

1
2B] — 0,

— e‘zﬁ] + ezﬁ]

Ay =e P cosh BB + \/e‘zﬁf

e—2BB _ 2 4 o2BB
* + e2b]

=e P coshfB + Je‘zﬁf

=e P/ cosh B + \/e‘zﬁ] sinh2 BB + e2hJ,

Therefore, the partition function is, since ; > 4,:
Z =2+ A¥ i AN,
The free energy is
F=—kTInZ =~ —NkTInA,,
which is analytical for all /, B, § € R, because A, > 0. Hence,
there are no phase transitions. Maybe there is a phase transition
for A, = A_, such that the approximation is not valid. This
implies
e~2hJ sinh? BB + e?F) = 0,
which can only be fulfilled for ] < 0, § = o, B = 0. The phase
transition would be at T = 0, which is not a physical phase

transition. The magnetization is per spin is
_ OF NkT oA, N sinh fB

Kz A, 0B w/e‘*f"f + sinh? BB’
For no external B = 0, there is no spontaneous magnetization.

The critical temperature is T = 0. The susceptibility is
x=N"10M/0B|g_, = Be 2P,

4.4 Correlation Function

Although the exact solution has no phase transition, the mean
field solution does. This discrepancy is due to the fluctuation.
Consider the second order correlation function f(n). m = (a/) is
the magnetization per spin, which has turned out to be zero for
B = 0 in 4.3, which will be assumed here. f does not depend on
i, the following is true for any i:

f(n) = <U L+n (UZ><ULZ-+n> (0 L+n -m? = (aizaiz-l—n
-BE({si})
Z 7 SiSi+n = ZZSL 1—[ Sitj Si+ne_ﬁE({SiD
{si} probability (s} j=1
of {s;} =1
1 i+n-1
= ZZ n S]'S]'+1 e_ﬁ211¥:1]ksksk+l (]k :] Vk)
(s \ Jj=i
i+n-1
Z l—[ e~ B k=1 JkSkSk+1
-z 2\ 113
i j=i
i+n-1 N
Z 1_[ 1_[ e BIkSkSk+1
n
- oz 2\ Loy )]

T Z l_lfk(skﬂsk+1)

1
(_B)nZ 1]_[ a]] ) k=

Here, in the same way as in 4.3, a matrix
(e Bk Pk
fie = (eﬁlk e—ﬁ/k)
was introduced and can be evaluated like an matrix product:

N
ka(sk's(k+1)) = Z f1(51,82)f2(52,83) =+ = Z (flf2)51,53'"-

{s;} k=1 $1,52, 51,53,
In the same way as in 4.3, this yields:

~ T Uaf, (n“'ﬁﬂl"‘)

k=1

f@)

i+n—-1 i+n—-1

1 1

o0lnAi, .
H ] H’hk NG ;)" ﬂ ;J,-ﬂ

T AT Ay
® 1 (dlna,\"
“corl )
In (1) it was used that A, > A_.In (2), all the A, for k # j are
canceled by the 4, of the partition function. The A, for k = j
survive and give /11]1. 8/1+j/8]j =0In /1+]./0]j. In (3) it was used
that J, =],/1+] =1, Vj.
For B = 0 (which is assumed everywhere here) itis

n
n) ~ In(e A/ + &b/ ) tanh gJ)"
(ORTS ﬁ)n(aj ( )) = g B anh )
= tanh™(—pJ)) = L /g (tanh(—x) = —tanh x).
&, in the last step, is the correlation length is for T — 0, ] < 0:

-1 -1 -1 gy
§= o YT TN 2e .
Intanh(—gJ) 1 1—e2B]  In(1 — 2e2F))
e

This diverges at the critical point T, = 0.




4.5 2D Ising Model: High Temperature Expansion
The Hamiltonian for the Ising model without external field
H = —]Z 0;,0;
(ij)
is now considered to be for a 2D lattice, where (ij) denotes
nearest neighbor spins and g; = +1. Because of the minus sign,
the ferromagnetic case is now J > 0. The partition function is

® n
| | 0;0;
Z=Tre " =Tr ePloio; — Ty | | Z (81 nl' i)

- (ij) , - (ij) n=02 .
o H(Z (Blag) ™" | D (BJaig) ™ ) _
bt \& (2n)! P! (2n + 1)!
=Tr H(cosh pJ + o;0; sinh B])
(ij)
= coshV4/2(B)) Tr 1_[(1 + 0,0; tanh B])
(ij)
= (2 coshd/2 (K))NZ‘NTr 1_[(1 +v0,0;).
(ij)
In this derivation was used that (al-aj)z = 1 and that product
constitutes of Nq/2 terms, were q is the number of nearest
neigbours and N is the number of spins. In the last step,
K= fJ, v = tanhk
simplifies the formula. For k < 1 = v « 1 (high temperature),
The product term can be expanded:

1:=2"NTr 1_[(1 +v0;07)

(ij)

=2MTr {1+ vz 0,0; + szUiJjZO'le + -
(ij) (ij) (k1)
Since Tr(4 + B) = Tr(A) + Tr(B) it matters that

Tr(o;0;) = Z Z o;0; = 2N7? Z o;
o1=%1

ony=%1 ogi=*1
and for the same reason all terms like Tr(oilaiz aiK) =0as

Jj=il

long as all i;, are different. But consider for example:
Tr ((crl-aj)(ajak)(akai)) = Z Z 0,0;0;0y,0,0; = 2N.
o1=%1

onN=%1
Hence, if all spins appear twice in one term, it is not zero but
Tr(loop) = 2V. Those terms represent spins, the bonds of which
form loops. For a square lattice, this yields (note Tr(1) = 2V):
I =27"NTr(1 + all closed loops)
=1+ v*N, + véNg +v8Ng + -
Here, N,, is the number possible loops which a made up of n
bonds. For the square lattice, itis N, = N, Ng = 2N (bars made
of two squares, two per spin: vertical /horizontal). For eight
bonds, several shapes of loops are possible: Ng = Ngl + N;Z +
---, where s; stands for a loop-shape i. Among them is a loop
made up of two separated square loops (let’s call this one shape
s1). Then, it is
Nyt =N(N —5)/2 =~ N? > Ng', i#1
(for the fist square there are N possibilities, hence there are N —
5 left for the second square, but first and second can be
exchanged, hence 1/2).

Z = (2 cosh? k)N (1 + Nv* + 2Nve +

N(N — 5)
—2 V8 + )

N(N-5) .
—3, +)

2 N
= (ﬁ) (1 + NV4 + 2NV6 +

4.6 2D Ising Model: Low Temperature Expansion

For the low temperature expansion can be used, that the ground

state E, = —2N] (all spins aligned) and the lower excited states

give the dominating terms:

Z =Tr(e P") = W(Ey)e PFo + W(E)e PEr + W (Ey)e FE2 + -
= e PEo(1+ W(E)e Per + W(E,)e Pez +---).

Here, W(E,) = 1 and ¢; := E; — E, is used. A the first excited

state, one spin is anti-aligned to all the others, hence ¢; = 4 - 2],

with 4 nearest neighbors, and W(E;) = N. For the second exited

state, two connected spins flip together, yielding €, = 6 - 2/, and

W (E,) = 2N. Therefore, the procedure is exactly the same as for

the high temperature expansion and the result is very similar:

N(N -5
Z=u”(1+Nu4+2Nu6+¥u8+ -->, u=e 2P,




5 Landau Theory

5.1 Free Energy

Suppose in general a Hamiltonian H = H, — h#i, where H, is the

internal Hamiltonian of the system, h is an external field and m

is the “response” operator. Then, the order parameter is m =

(m). The Gibbs free energy is

G=U-TS—hm, dG
(Hy). The free energy is

= —SdT — mdh,
where U =

F =G+ hm, dF = —SdT + hdm.
The order parameter and the external field are related by
06 B = oF
™= T ~om

If the order parameter is known, one can apply mean field
theory and replace 7 in the Hamiltonian with its mean field
average. For h = 0, itis F = G. Assuming G(—m) = G(m) yields
— b o2, € 4.9 &
Go(m,T) =a +§m + ™M + A + -

where a, b, ¢, d, ... are functions of T. For h # 0 itis G,(m,t) =

—hm + Gy(m, t).

5.2 Phase Transitions

The state of a thermodynamics system is at the free energy
minimum. At higher temperature it is assumed here that the free
energy is symmetric in m.

By definition itis m = 0 for T > T, and G has its minimum at

m = 0.Hence, forT > T, itisa,b,c,d,..> 0

CONTINUOUS PHASE TRANSITIONS:

Consider now, thatfor T < T,,itisb < 0anda,c,d, ... > 0. To be
specific, let
b=b, - (T—-T,)+ 0T —-T,)3), by, > 0.

The minimum condition becomes

oG
— =by(T =T om+cm?® + 0(m>) = 0.
om

The solutions for T = T, (and hence small m) are m, = 0 and
(notethatT < T.!)

DISCONTINUOUS PHASE TRANSITIONS:
Consider now, that for T < T,,itisc < 0and a, b, d, ... > 0. Letm

be the zeroes and 7 be the extrema of G, — a. The zeroes are:

b c d !
~—m?+—m*+—mb =0

2 4 6
= {0; 3/4d (—c +. /2 — 16db/3)}.

Those give at maximum five solutions for m. The extrema are:

aG, !

—=bm+cm3+dm® =0

om

= w2 e{0;1/2d(—c e —4bd)},
Those give at maximum five solutions for 7 as well. However,
there are four qualitatively different situations now (the graphs
plot G, — a versus m for different temperatures T; > T, > T3):
T, has only one minima, hence it is

c? < 4bd.
T, has three minima, but only one zero, hence it is
4bd < c? < 16bd /3.
T; has three zeros, hence it is
16bd/3 < c2.

The “main” critical temperature T, is now reached
for ¢2 = 16bd /3, when the outer minima a lower
than the inner minimum. However, the system may
stay also for T < T, in the inner minimum (meta-
stable). And, for growing T, it may stay in the outer
minimum up to T) > T,, which is found by c? = 4bd.

Go_a

5.3 Latent Heat
Consider a system at T = T5 (see bottom of 5.2). For growing
temperature, the system will reach T = T, where G, — a has
exactly three zeros. Then, the system will jump from

3c

my =+ ~1d to

which keeps the temperature at T, but increases the entropy
and therefore needs the so-called “latent” heat

aG aG )
0T, 0T, '
Since all coefficients are positive except for ¢, which changes
sign at T/, one can assume that ¢ = ¢,(T — T/) and the other

coefficients are approximately constant at T = T,. Thus, itis
G

aT

Tf’l0=0,

AQ =T,AS = —TC(

1

~ ’ 1 1 2 ’ 1 12 4 3 ’
= a +§bm + bmm +Zcm +cm°m

1
= bmm' + Zc’m4 +cm3m'’

and therefore (recalling m, and m,. from above) it is

oG oG )
my

AQ =T.AS = T, (— -
c c aT mo
=T <bmm’ + 1c’m4 + cm3m’>
¢ 4

my
3bc, ¢y /3c\? ¢y 3¢\’
(323G +569)

8d 4 \4d 2 \4d

where it was used that
P 3 3¢
c
m, =+— ——=i74d.
2|74




5.4  Ginzburg-Landau Theory of Fluctuations
GINZBURG-LANDAU EQUATION:
To include the fluctuation into the mean field theory, the Landau
theory is generalized to m — m(7). Hence, the free energy is
. b c f

Gm(#),T] = J- d%r (—hm +a+ Emz + Zm‘* + ot E(Vm)z),
where m, h are functions of 7 and a, b, ¢ are functions of T. To
take fluctuations into account, Vm was introduced to the lowest
order, which keeps G symmetrical w.r.t. m. The minimum of the
free energy is determined by 6G = 0 which gives

SG:fddr(—h6m+bm6m+cm35m+---—fV2m6m)éO,

where it was used that §V= V§ and by integration by parts it is
[ d3r Vm Vém = — [ d3r V?>m &m. Since the variation is
arbitrary, this leads to the Ginzburg-Landau equation:
bm+cm® + - — fVm = h.

DISSIPATION-FLUCTUATION RELATION:
Consider a weak field h(#). The Hamiltonian can be written as
Tr(m(#)eP")
O
Taylor expansion up to the leading order yields (7' := m ("))
Tr(eFHo) + Tr(Mp [ dr' k'’ eFHo)

Tr(e=FHo) + Tr(B [ dr'h'm'e—FHo)

=ZO

Zy'Tr(me~PHo) + B [ d% 'k Zg 1 Tr(Mmi e ~FHo)
h 14 B [dir'h'Z; Tr(m'e~FHo)
(M) +p [ d%r'h'(mm'), 1
1+ B [drm),

~ (i), — B f dr' I (Yo Yo + B f dr' b (R’ Yo + O(h),

H = H, —fddr hARE),  mE) = () =

m(@) =

~1—x

where the mean (i), is w.r.t. Hy only. The fluctuation in m is
m— (R = § [ @R, — (m)o()o) = B [ ar'hg)
where g’ = g(#,7#") is the correlation function (that is to say the
fluctuation w.r.t. equilibrium without external perturbation). If
h(#) = hy = const,, the susceptibility (relative response) is
@) — o _ f L g,
ho
which is the exact and general “fluctuation-dissipation theorem”.
POINT-LIKE PERTURBATION:
For h = 0, possible solutions of the Ginzburg-Landau eq. are
mg =t/ —b/c or mg =0 (forb > 0).
Forb ~ (T —T,)itisb > 0 & T > T.. Consider for a small h,
h(#) = hoS(P).
Since h is small, m can be written as a modification of m:
m(?) = my + o).
Hence, the Ginzburg-Landau equation becomes
bmg + bp + cm3 + 3cm3p + 0(¢p?) + -+ — f V2¢
~ap — f V2 = hod(7),
where a := b + 3cm32 € {b, —2b}, which depends on if b S 0.

R
—ik?

x@) =

Multipliying by e
a f dir e~ R () — f f dir e~ KFy2¢(7) = h, f dr e~ FT§(7)
= ad(k)+fk*p(k)=hy, <= ¢(k)=he/(a+fk?),
where the second term was integrated by parts twice and the

Fourier transformed ¢ of ¢ was used. Then, the solution is:
hy e~

e = r/§
0@) = @tk §@e™ = 20, £= VTl
where ¢ is the “correlation length”. For b(T) ~ (T — T,), it is
E~IT-TI, v=1/2,
where v is another critical exponent. The susceptibility is

@) m-—(m), e .
x@ = he = e —dedr §#g' = Bg(#0).

and integration over d dimensions yields

5.5 Validity of the Landau Theory
From 5.4,itis (b ~ (T — T,)):
. . e_r/f
9G0) ~ () ~ =,

b B
my =1 |-— ~IT =TI,

where f = v = 1/2. For the mean field theory to be valid, the
fluctuations should be much smaller than the mean order
parameter:
~ fr<§ddr g(#,0) ~ fT«,r‘i‘ldr e T/8r2=d ~ fr<€ dre™/Sr
fr<§ddrm§ |T—TC|2/3fr<§ddr1 |T — T, |2P¢4
{2 fx<1 dx e *x fz—d |T _ TC|—2v+dv

T IT-TFed TIT-T PP T T - T

where the substitution x := r /& was used. This yields

1 |T—T,| 22 o 2v+dv—-28>0 & d>4
(near the critical point). Since it is also a valid theory for d =
4.00001, it is expected to be also a good theory for d > 4.

That is to say: Recall, that the fluctuation a biggest near the
critical point. Hence, for d < 3, the mean field theory might still
be valid for T # T,. It depends on the system, how close to the
critical temperature the mean field theory is a good theory and
for some systems, it is closer than the accuracy of measurement.

§~IT=T|™,




6 The Widom Scaling Hypothesis

6.1 Relations between critical exponents
Consider the critical exponents for the following examples. Here,
itis t == |T — T.| and moreover G := 9,G as well as G' := 9,,G.

Definition MFT 2D Ising 3D Ising
a cy=-TG~t]™* 0 0 0.1096
B m=-G~|t|f 1/2 1/8  0.32653
Yy x=-GC"~t|”r 1 7/4 1.2373
) m ~ hl/% 3 15 4.7893
n g~e /rdtzm g 1/4  0.03639
v E~ 1t 1/2 1 0.63012

Firstly, note that the mean field theory (MFT) is much more
valid for the 3D system than for the 2D system. Secondly, note
that it is always:
- a+20+y=2
- a+pE+1)=2
- y=v(2-n)
- a=2-dv (hyper-scaling law)
The hyper-scaling law contains the dimension d and is therefore
not valid for the mean field theory, which is independent of the
dimension.

(Rushbrooke inequality)

6.2 The Scaling Hypothesis

Since there are four relating equations for the six critical
exponents, only two of them are independent. Therefore, there
should be an equation of state, which depends only on two
parameters, for example temperature t = (T — T,) /T, and the
external field h = (H — H.)/kT,. Itis

h ~mS, t ~mt/B,
If now m is scaled by a factor [ like m' = lm, it follows
h' = 1%h, t' = 1Y/Pt,
From 5.1 it is known that
G (t, h) aG(t, h) aG(11/F¢,1%h)
m=— - -1 = = —_ 7
oh oh a(l1%h)

& G(th) =1751G6(1VP¢, 19h),
which can be written in a more general form
G(t,h) = AG(A°t, A" h)

by using A :== 1791, s = -1/8(1 + 8),r = — /(1 + 6). The
point is that the function G(x, y) is (for T = T,) on the left and
right hand side the same, only the scaling is different.
The critical exponents can now be given in terms of s and r.
First, consider the order parameter:
0G(t, h) 0AG(A°t, A"h)

oh —  oh B
aG(A°t, A"h)
o = A" 1m(A5t,A"h)

L0AG(2°t, " h)

m{t.h) = - AR

— _Ar+1

Similarly,
9%G(t, h 0%2AG(At,A"h
X(t,h) = _% = _Azrw
o 0%G ,s 02AG(A°t, A" h)
Cy = —toz=—th T
Taking, for example, 1 = |t|~1/S at h = 0 yields
m(t < 0,0) = [t|"T*V/5m(-1,0),
x(&t],0) = [¢|7C*D/x(+1,0),
ey (£1t], 0) = [¢]7Z*D 3¢, (£1,0)
andif 1 = |h|"YTatt = 0,
m(0, £|h[) = [R|~T+Y/Tm(0, +1).

— AZH'IX(ASL lrh),

= A25+1c, (A5t, T h).

Hence, it is
_2$+1 _ r+1 _2r+1 5= r
@t = s - s’ Ve = s ' T oor+1
Those results satisfy
a+20+y=2, B —1)=y.

6.3 Kadanoff Blocks
Consider a d-dimensional Ising model with free energy G(t, h)
near the critical point. For L < ¢, ¢ being the correlation length,
one can take a block of L spins as if it were just one spin. Near
the critical point, the free energy in terms of the blocks has the
same form as the original one. However, the new correlation
length &, = &£/L now looks shorter and the distance to the
critical point, measured by ¢, h looks larger:

t, = L7t h, = L*h.
The free energy of a block of spins is lager as of only one spin:

G, = G(Lt,L*h) = L*G(t, h).
Comparison to G(t, h) = AG(A°t, A"h) (see 6.2) yields:
A=1L"9 y = —sd, x = —rd.
Leth = 0and L = |t|~'/¥ yields A = |t|%/¥ and thus, using 6.2:
cy(t,0) = A%+, (A5, 270) = |t| 72747 ¢y (£1,0),
£(t,0) = L§, = LE(A°t,270) = |t|7/¥E(£1,0).

Thisyieldsv = 1/y and @ = 2 — d/y and hence the hyper-
scaling law:

a=2—-d/y=2—dv.




7 Renormalization Group Theory

7.1  Fixed Points, Conducting Pearls
INTRODUCTORY EXAMPLE, FIX POINTS:
Consider a d-dimensional box with made up of N tightly packed
pearls, each of which is conducting with probability P and
isolating with probability 1 — P.If P > P, the whole box is
conducting and else isolating for N = c.Ford = 1,itis P, = 1,
hence all pearls have to be conducting and for any P < 1 the
chain is insulating for N — oo, what can be shown by
renormalization:
The probability of a block of two neighbouring pearls to conduct
is
P, = R(P) = P2
The probability of a super block made up of two neighbouring
blocks to conduct is
P, = R(P,) = P~
For the n-order super block it is
P, =R(Pp_)) = P2, =P@), Py =P.
The two values P* = 0 and P* = 1 are interesting, since
P* = R(P").
Such points are called fixed points. For a P # P*, the
renormalized value B, would be farther and farther to P* = 1
and closer and closer to P* = 0 for increasing n. Thus, P* = 0 is
called a stable fix point and P* = 1 an unstable fix point. In
general, an unstable fixed point corresponds to a critical point.
DETERMINE FIX POINTS AND THEIR STABILITY:
Blocking always b neighbouring pearls, the renormalized
conducting probability is
R,(P) = PP
and the fix points are determined by the equation
P* =R, (P).
The solutions are, again, P* = 0, 1. To see if a fix point is stable,
consider a small deviation from the fixed points
6P =P — P,
which, after renormalization, is
R, P sp A, OP,
ap |, _..
which defines the 4,. Now, the fix point is stable if 4, < 1 and
unstable if A, > 1. In this case, it should be b > 2 and hence
_dR,(P) — pph1 = {0 <1, forP* =0 = stable,
b= "4p pr - “|b>1, forP*=1= unstable.
Here, P is farther and farther away from the critical point P, = 1
and thus it is called relevant; otherwise it is called irrelevant.
BEHAVIOUR NEAR THE CRITICAL POINT P, = 1:
The correlation length ¢ is the average length of conducting
pearls. Under renormalization, it should scale as
§'(P) = £(Ry(P)) = §(P)/b
and the corresponding critical exponent is defined by
§~ |P— Pcl_v-
Under renormalization, it is (using 1, = be_1|P=PC=1 = b):
P'—PR =2 (P -PR)+0(P-FI*

é‘Rb(P*) = Rb(P* - SP) _Rb(P*) =

=5Rp(P*) =8P
Hence, it is
yo S PRI Inb Inb
=2 = - @ = V= = =
P —p|v " Ina,  In(bPb-1|,)

7.2 1D Ising Model: Renormalized Partition Function

Consider the 1D Ising model with periodic boundary conditions

in terms of the dimensionless Hamiltonian
N N

] h
HOZ—EHZKon_]O—J+1+hon_], KO :Iﬁ‘ h‘O ::ﬁ.
Jj=1 j=1
The partition function is
N
Z(N, Ky, ho) = Z Z Z 1_[ Ko0jj41+h00

..... 02,04,... 01,03,... J=1
Z 1_[ Z Ko(cr] 10j+06j0j11)+ho(0j— 1+20']+O']+1)/2
02,04,... J=1,3,. . 0j=11
Obviously, because there is only next-nearest interaction, it is
possible to separate the sums over only the odd-numbered
spins, but not all the sums due to the coupling gjg;j,4. Itis

eKO(D‘j_1D‘j+o‘j0‘j+1)+h0(o‘j_1+20'j+0'j+1)/2
oj=%1
— e—Ko(aj_1+aj+1)+h0(aj_1—2+aj+1)/2
+ eKo(f’j—1+0'j+1)+h0(f’j—1+2+0’j+1)/2

eho(a'j_1+0'j+1)/2 (e —KO(G']'_1+0'j+1)—h0 4+ eKo(O'j_1+0'j+1)+h0)

= 2¢M0(9j-1+7j+1)/2 cosh(Ko(0j_1 + 0j41) + ho)-

Using coshx ~ 1 + x%/2 yields
2
2 cosh(KO(aj_l + ovj+1) + ho) =2+ (Ko(aj_l + aj+1) + ho)
2

=2 + KOZ(O-]_l + O’j+1) + 2K0h0(0‘j_1 + O-]'+1) + hg

=2+ h + 2K¢ + 2K$0;_10j41 + 2Koho(0j_1 + 044)

1

= exp(—Zg + K10j_10j41 + (hy — ho)(Uj—1 + Uj+1)/2)-
Considering the four possible combinations of values of
0;_1,0j41 Separately, this equation defines g, K;, h, as

In(16 cosh(hy + 2K,) cosh?(hy) cosh(hy — 2K,))

9(Ko, ho) = — 8
1 cosh(2K, + hy) cosh(2K, — hy)
R (Ko, ho) =Ky = Zln cosh?(hy)
1. cosh(2K, + hy)
R, (Ko, hy) = hy (Ko, hg) = hy + l—'
n (Ko, o 1Ko, g 0 cosh(2K, — hy)

Those are called renormalizationﬂow equations. Thereby, the
partition function is

7= Z 1_[ Zeho(Uj—1+Uj+1)/2 COSh(Ko(O'j—1 + 0'j+1) + ho)

02,04, J=1,3,...
E | | e ho(0j_1+0)41)/2 e ~20+K10j-10j41+(h1~ho)(0j-1+041)/2

02,04,... J=1,3,...

— e—Ng E | | eKlo'jUj+2+h10'j

02,04, J=2,4,...
N/2

e~Ng E | | K102j02j42+h103;

02,04,..
Obviously, 1t is
Z(N, Ky, hy) = e N9Kohd Z(N /2, K, hy)
= e NIKoho) o=(N/29(KLh) 7(N /4, K,, h,)
= e_N ZTkL=O z_kg(Kk'hk)Z(z_n_lN! Kn: hn)

0 -k
—— e NZk=02 Q(Kk.hk)’
n—-oo

with the recursion relations for the parameters
Ki+1 = R (K, hyo), hy+1 = R (Ky, hy).




7.3 1D Ising Model: Free Energy
The free energy per spin is, for n — oo,

kT C
f(Koho) = = —-InZ = kTZ 27% g (K, ),
k=0
which can be shown to satisfy
f (Ko, ho) = kTg(Ko, ko) + 271 f (Ky, hy)
= —KykT — kT'In (cosh ho + /e ~*Ko 4 sinh? ho).
SPECIAL CASE K, = 0:
For the special case K, = 0, itis (from 7.2)
Rk (0, ko) =0, R,(0, hy) = hy,
thus (0, hy) is a fixed point. The free energy becomes
£(0,hy) = —kT In(2 cosh hy) = —kT In(e"o + ¢~ho),
SPECIAL CASE h, = 0:
For the special case hy = 0, it is (from 7.2)
Ry (K,,0) = 271 Incosh(2K,),
The free energy is
F(Ky,0) = —KokT — kT In(1 + e~2K0)
= —KokT — kT In(e ¥o(eXo + ¢7¥0)) = —kT In(2 cosh K,).

Rh(KO! 0) =0.

7.4 1D Ising Model: Renormalization Flow
From the renormalization flow equation, for some starting point
(ho, Ky), the flow is shown in the following diagram:

h

\

(0.0) K

Recall from 7.3 the renormalization flow equations for h, = 0:

K' = Rg(Ky, 0) = Incosh(2K,) /2, h' =R, (K,,0) = 0.
From the figure it is obvious that K* = 0 is a fixed point, for
which (from 7.2)

g(K*=0,0)=—-(n2)/2.
For a big enough k = k, the renormalized coupling is close
enough to the fixed point to replace g(K,, 0) with g(K*, 0) and
hence, the free energy is
ko
f (Ko ho) = kT > 27 g (K, by) + kT g(K*,0)

k=0
ko

kT
= kTZ 27%g(K;,0) — 7ln 2.
k=0

The fixed point (0,0) is stable, since

dRy(K,, 0 d

M = ———Incosh(2K,) =0<1.

Ao ¢ oy 2dKo KomK*—0

Another (unstable) fixed pointis (K* h*) = (o0, 0), which
corresponds to T = 0 and is actually the only critical point of the

system. The flow equation near that point are (from 7.2)

1 h(2K + h h(2K —h) 1
K’ :=—lnCOS ( ) cosh )zzlncosh(ZK)

4 cosh?(h)

1 1 1
= 2inl 2 (02K & p=2KV | & ¢ — =
—21n<2(e +e )) K 21n2,

;L 1. cosh(2K + h)
Wo=ht Eln cosh(2K — h)
where in both flow equations at the first ~-sign a Taylor
expansion at h = 0 was conducted. x;, is defined by this
equation. The infinite critical parameter is not so convenient;
using 7 := e"PX p > 0, yields (which defines x;)
—(nt)/p=-(>Un1)/p—(>1n2)/2 & 1’ =2P/2t=p*r7,
Thus, the free energy becomes
f(h,T) = 271 f(2h,2P/27) = 27%f(2Fh, 2¥P/27)
= L7 f(Lh, LP/?7).
In the same way as in 6, this yields
a=2-2/p, B=0, y=2/p,

~ h + htanh(2K) = 2h = b*hh,

6:00, V=2/p! 7I=1

7.5 General Renormalization Group Theory
RENORMALIZATION:
For a general formulation, consider a dimensionless Hamiltonian

n
H=-p =) kapollo))
a=1
where g; is an operator corresponding to a particle (or spin) at
position i. The partition function is, using K = {k;},
Z(N,K) = Trig,(e"®5),
Divide the d-dimensional system into blocks of size b% and label
the blocks by indices I and the spins within one block with
indices m, such that i = (I, m). The partition function is now

Z(N,K) = Try,, (e—Ng(K)eH’(N/bd,K')) — e NI Z(N /b K"),

where
H'(N/b*,K") = Z koo (o)),  f(K)=g&K)+ b~ f(K")
a=1

and the k;, are given by the renormalization flow equations

ko = Ry(ky, ky, k) & K' =R(K).
FIXED POINTS, CRITICAL SURFACE:
The arrows from K to R(K) to R(R (K)) form a flow in the
parameter space. Moreover, fix points K * are defined as

K* = R(K™). K,
Critical points K, in general form a
surface in the parameter space. The
flow never crosses a critical surface, as
argued now: At the critical surface, the
correlation length ¢ is infinite; close to the surface ¢ is big but
finite. The correlation length scales like £’ = b™1¢& < &, therefore,
renormalized parameters flow away from the critical surface (a
disordered never looks ordered on a larger scale). Right on the
surface, ¢’ = & = oo is unchanged and hence K/ is also still on the
surface and usually flows to a fixed point K,;, which is a saddle
point on the surface. All critical points flowing to the same fixed
point have the same critical exponents, since the singularity part
of the free energy is unchanged under renormalization.
CRITICAL BEHAVIOUR:
Consider parameters near the critical fixed point and their flow
equations

ko =ky+dk,, ko = Ry(kq, kg, .. ).
The distance from the critical fixed point is after renormalization
dkﬁ = Maﬁdk[i’v

oR, (K
dka =Z ao;c( )
B B lg=g+

which defines the matrix M. Also, define a diagonalizing

matrix € such that
CMC™t = diag(44, ..., 4,,) © CM = diag(4,, ...

and also du,, := C,,dk, such that

duy, = Cyodkly = CpqMapdkg = (nzc)y gk = Ay 8y Capdes

= 4,00y du, = 4, du,

(there are sums over double indices except for y!). Now,
for |/1y| <1, u,is"irrelevant" (flows into K[),
for |ly| >1, (flows away from K),
for |/1y| =1,
Taking 4, = b* (which defines x, ), the correlation length scales

An)C

u,, is "relevant"

u, is "marginal”  (determined by higher orders).
for k repeated renormalizations
E(Uy, v, uy) = BX E(B 1y, ..., bF¥ ).
Similarly, the singularity part of the free energy scales like
fi(uy, o, up) = b~ f(b**1uy, ..., b*¥nuy),

which is just the scaling hypothesis. For large k, the irrelevant
parameters will vanish and only relevant parameters will be left:

k> 1: fi(uyg, ooy uy) = b f(B*1uy, b**2u,, ...,0,0, ...).
As in 6, the critical exponents can be obtained from here.




8 Topological Phase Transitions

8.1 Classical XY-Model
Consider the Hamiltonian
N 1
H=—) ) 55 =) cos(gi= ) == ) (1-53)
(ij) (ij) (ij)
where §; are vectors in a 2D space with |s;| = 1 ona d-

dimensional square lattice with lattice constant a. Hence, they
can only rotate and are fully described by angles ¢;. Above,

I5:13;] cos(¢; — ¢;) = cos(p; — ¢;) and ¢ = ¢; —

1 was used. Now, the ¢; can be diagonalized by Fourier

transformation
¢. — iz (pﬂe‘%?i
VAL

where 7; is the position of the spin with angle ¢;. Using this, the
Hamiltonian (without the not interesting constant term) is

Z(‘pl ?) ZNZ Z(”k lkrl_zq’k

(i) @) \ k

ZNZ Z (pkl Lklrl Z (p elkZTl

(i) \ ky

_ 2 L ke E L ikoF ikt ik
2 Py, e pg,e )+ pg,e R
ks ks ks ks

— % E Z (p]_él(pﬁz (eik17i+ik27i _ eiklf)i+ik2f)j)
(i) ky k2

- %Z Z <P;:1<p;28(l?1 + I_éz) (1 - eiﬁﬁﬁz‘%ﬁj)
@ koks
:]z PrP-k (q — (e 4 e7tkxa 4 glkya 4 e‘“‘ya))

K
=]z PRP_% (q - 2(cos kya + cos kya)) = Z|¢;|2E(E),
= -

where q is the number of nearest neighbours and the energy is
(in the lecture notes, there is an additional factor 1/2 and [ don’t
know where it comes from):

E(E) =](q — 2cosk,a — 2cos kya)

~ ] (q -2 (1 - %(kxa)z) -2 (1 —%(kyaf))

=J(q — 4 + k?a?) = Ja?k>.
The last equation is for a 2D square lattice (g = 4). Thus, the
partition function is

Z = Tl‘(e_BH) = l_lf d(p%d(pze_BE(p}ié(pE
k
and hence the mean values are

1 1 . —BElo|?
(pz) = ETr(e‘ﬁHwk») = El_[fd‘pfé’d‘pﬁ’e pEfoy| O3
k'

2 2
= (f d(p%d(pze_ﬁd‘pﬂ (pz)/(f d(pid(p;e_“"pﬂ > =0,
since it is the integration over a product of even and odd
function. Similarly it is

2
(Ppop) = (f dgydgze "1l (o) /

1| BE 1
2 |(BE® m ~ 2BE

58 = ¢; <

2
(f aviraseel

8.2 Correlation
The correlation function is given by
g(?l - -;) = <(§l - <§i))(sj (S]))> (SLS]

since it can be shown that the order parameter is zero: m =

(s;) = 0. Hence, consider only (¢;q == ¢; — ¢¢):
G(7) = (siso) = (cos(¢ = o)) = Re(e'?i0)
~ Re GROKCTS (—D)™pH"
- L (2m)! = (2n+ 1)
RGOk - (-1 .
=2, Gy (pic) = 2, Gy (2n = D(pH)
n" 2
(Zn )' <¢lo>n = ¢~ {@i=90)%)/2,
n=0
where Wick’s Theorem (for ¢, := ¢; — ¢,)
(PaPpPcPa ) = (DaPpXPcPa) -+ + (PaPc NPy Pa) - + all pairs

= {QF) = (P + (PS4 - = (m = D)™
was used. By a similar same derivation and the energy E =
]aZE2 from 8.1 it is, assuming 7, = 0 (again, a factor 2 is missing
here compared to lecture notes):

2 -
(i — ) = NZ“ — cos ki) (joz|)

Z(l P kT kT( )fddzl—cosﬁﬁ-
N coskii) o = Ja?\2n 2

1D-CASE:

kT 1 —coskr
((¢; — —

b = e [k

kT J‘“’ 1—cosx
x—
0

=r—-
nja ), x?

=y
(x := kr), so with a constant y itis G(r) = e™¥"/2 - 0 for r —» o
and the correlation lengthis § = 2/y ~ |T|™L.

3D-CASE:
5 akT , . . 1—cos(krcos8)
(@i = Po)) = —(27r)3]J dk de dO k*sin6 7
= ak_Tlf"" dx fld(cos 6) (1 — cos(x cos 0))
(27'[)2]T 0 -1

(x == kr). Obviously, this diverges. However, for the energy to be

E = Ja?k?, the approximation k < 27/a was necessary.
Therefore, it is reasonable to impose a cut-off x < kr « 2nr/a:

((di — 90)?)
akT 1 (2mr/a 1
= dxf d(cos 8) (1 — cos(x cos @
T f  d(cos §) (1~ cos(rcos )
kT LG Z”r/ad 1 kT .
= — - — —_—— = .
o 27 ), x—sinx | — 7 cons

Therefore, even for finite temperature there is a long range

correlation: G(r) — e~¥T/2mJ
Tr—00

2D-CASE:
Jm is the Bessel-function. And again, one has to impose the cut-
off (also for the lower boundary!) as for the 3D-case:
(B — by)?) = jdk dekl—cos(krcos@)
Y (e )21 k?
j dkdo L= Yom Jm (kr)e™®
(2 )?] k
kT ?me 1 —],(kr)
= ﬁ k — =

k | kT
2]<n +Q(r)) 2n](

(where Q(r), Q(r) are some functions). Therefore, it is
G(T‘) ~ e—len (r/a)/4m] ,r—kT/4—TL'] — 0.

Tr—00

kT

_ 2m/a
5 ][1 nkr —QI,

In— + const. )

However, itis G () ~ r~*T/4™ =7/ it & — oo, Hence, although
there is now correlation for r — oo, the correlation length is co!




8.3 Topological Excitation for a 2D System
TOPOLOGICAL CHARGES:
Writing ¢(7}) = ¢; gives a field ¢ (#) for for small 7 — 7} it is

Ha )Y (66— 9()) =3 D IVoL (= 7)’

@ 73] ~arr
1
~ E]f d?r|Ve|2.

If neighbouring spins vary only slightly from each other, the
integration over closed loops gives

ﬁd? Vp = 2nd,

where ® € Z is the topological charge. This is because the spins
might be changing direction (“turning”) when on is moving
along the loop, however in the last spin equals the first spin, so
they have to turn an integer number of times. This charge is
invariant under a small change of the spin states ¢ = ¢ + d¢:

fd? Vo + f d7 V8¢ = 21,

since §¢ « 1 and the integral is integer (times 2m) it must be
zero. ¢ = Y + ¢ can always be separated into a curl-less part y
and source-less part ¢. The former describes spin waves and the

latter vortices. With V = Vo itis
jﬂd?vwzfdzrvw;:o, §d717=2nd> =27rfd2rp,

where p is the density of the topological charge @ (p := ®/s
with area s). Using this notations, the Hamiltonian becomes

1
H zz]fdz‘er(plz
1

=2 [ ar (1w +177) +%/fd2r|vw||\7<p|,

where the last term is zero as can be shown by integration by
parts. Since in 2D ony V, and V, exists, the Stokes theorem gives

§d?l7=fd2r(v><17)5z =2thd2rp

= (VxV)é, =V(-é,x V) = 2mp,
which is similar to Gauss’ law VfGauss = €51p. for an electric
field E. Thus one can define an “topological” electrostatic field

E=-8,xV=(V,-V) = VE=:2mp.
The electrostatic energy is €,/2 [ d3r E2,,s and hence
_] -
Hy =5 f d*r E?.

For a point charge p = ®46(7), itis (in 2D-space!)

-

L T r 1 r
E=—=®=-VU, U=—<Df dr'— = —®In— + const,,
T a r a

where the integration starts from the lattice constant q, since
this is the smallest unit of space. The excitation energy of a
single charge is (with system size L)

] o ] 1 L 1
E(®) == dz E2=—cbzfd2 - = CDZJ d —
(@) 2[ T 3 r|7’| J ) rr,

=n/®?InL/a.
For a pair of charges @, and @, at7; and 7, the energy is
Ei;, = —2n]J®, P, Inr,/a+ JP, P, - const.

CRITICAL TEMPERATURE:
The entropy S and free energy G per vortex is

S=kInl?/a? =2kInL/a, G = (nj —2kT)InL/a.
Hence, the critical temperature is
]
2k
and for T > T, there are many topological charges. However,
also for T < T, there might be pairs of positive and negative
charges (“dipols”). The energy for a +1, —1 dipol is

E; =2njInr/a + 7?].

Now the distance between the two pols of the dipol is

T, =

2....2 ,—BE L 3—4T,/T
Jd*rr?e Bl [ drr3te

2\
<T12> fdzre_ﬁEp deT' F1-4T/T
a

_ 2 2 — 4T, /T (L/a)*4T/T —1 _
4 — AT, /T (L/a)?=4Tc/T — 1

a

, 2T, =T
2T, — 2T
[ee)

forT <T,
forT > T,




	1 Quantum Statistics
	1.1 Quantum Measurement
	1.2 Density Operator
	1.3 Density Operators of Thermal Ensembles
	1.4 About the Von Neumann Entropy
	1.5 Free Fermions in 3D Space
	1.6 Free Bosons in 3D Space
	1.7 Quantum Entanglement

	2 Cluster Expansion
	2.1 Cluster Expansion for Non-Ideal Classical Gases

	3 Van der Waals Gases
	3.1 Order of Phase Transition
	3.2 No Phase Transitions in Finite Systems
	3.3 Mean Field Derivation of van der Waals equation
	3.4 Critical Phenomena

	4 The Ising Model
	4.1 Description of the Problem
	4.2 Solution by Mean Field Approximation
	4.3 Exact Solution of the 1D Ising Model
	4.4 Correlation Function
	4.5 2D Ising Model: High Temperature Expansion
	4.6 2D Ising Model: Low Temperature Expansion

	5 Landau Theory
	5.1 Free Energy
	5.2 Phase Transitions
	5.3 Latent Heat
	5.4 Ginzburg-Landau Theory of Fluctuations
	5.5 Validity of the Landau Theory

	6 The Widom Scaling Hypothesis
	6.1 Relations between critical exponents
	6.2 The Scaling Hypothesis
	6.3 Kadanoff Blocks

	7 Renormalization Group Theory
	7.1 Fixed Points, Conducting Pearls
	7.2 1D Ising Model: Renormalized Partition Function
	7.3 1D Ising Model: Free Energy
	7.4 1D Ising Model: Renormalization Flow
	7.5 General Renormalization Group Theory

	8 Topological Phase Transitions
	8.1 Classical XY-Model
	8.2 Correlation
	8.3 Topological Excitation for a 2D System


